Abstract With a view to map the health status of mosaics, non-destructive testing methods ought to be used for data collection. Among these, the infrared thermography is highly recommended since it is non-contact, non-intrusive, non-invasive and able to convert the invisible thermal energy into a video signal, in which the energy level is usually correlated with a colour or a greyscale. The need to provide the position of sub-superficial defects in the clear way is of paramount importance when the diagnostician is not the final client. In the cultural heritage field, raw thermograms, sometimes, do not provide interesting results for the restorer, since they are affected by an undesirable content of noise that limits the detection of what is present beneath the surface. In this work, the multi-dimensional ensemble empirical mode decomposition technique was used-to the best of our knowledge for the first time-as regards the thermographic diagnosis of mosaics. It seems to overcome the thermal barrier of the tessellatum layer, composed by aggregates of different natures, as typical in the Roman era. The results obtained after the inspection via a very long pulse are encouraging, above all when compared with the results coming from recent and non-recent algorithms also applied herein. The use of intelligent sensors placed inside and outside the mosaic sample, which measured the temperature evolution along the heating-up and cooling-down phases, helped in the understanding the optimal heat flux to be provided.
Introduction
The characterization of the elements composing an ancient mosaic assumes a capital importance when, for example, the dating of the whole structure or a part of it is required. Similarly, another point of interest is the understanding of the technology used by the skilled workers at the time in which the mosaic was fabricated [1] . In order to fulfil these tasks, chemical non-and micro-destructive testing methods are usually employed. The proof can be found in the scientific literature, which describes how ''Villa del Casale'' near Piazza Armerina (Enna, Italy) [2] , several archaeological sites in Italy [3] , Literno (Naples, Italy) [4] , the Roman Republican Age [5, 6] , the Christian basilicas in Byllis, Lin and Elbasan in Albania [7] and Pompeii (Naples, Italy) [8] were deeply explored and analysed. However, also the understanding of the conservation state is important before the starting of the restoration phase. Therefore, biodeterioration and biodegradation phenomena [9] , acts of vandalism [10] , morphology [11] , visual inspection [12] , cleaning process [13] , geophysical and geotechnical investigations [14] , terahertz analysis [15] , ground penetrating radar technique [16] and ultrasonics [17] were kept under strict consideration in the course of time and used if needed.
Among the physical non-destructive testing methods for the mosaic inspection, the importance of the infrared thermography grows year by year [18] . In 2001, Carlomagno and Meola worked by using the active modality on some decontextualized pieces coming from Pompeii and Ruvo, in the Archaeological Museum of Naples (Italy) [19] . Three years later, Avdelidis and Moropoulou focused the attention on the inspection of plastered mosaic surfaces, taking into account the emissivity values of the investigated materials [20] , while in 2007, Avdelidis et al. studied a reliable approach based on thermal contrast curves in order to detect tesserae beneath plastered surfaces [21] . Subsequently, Cheilakou et al. compared the results coming from two different sensors, working in the long-wave and in the mid-wave spectra, respectively [22] . In 2012, Theodorakeas et al. discussed the potentiality of the principal component thermography (PCT) [23] , pulsed phase thermography (PPT) [24] and thermographic signal reconstruction (TSR) [25] techniques, combined with the holographic interferometry method [26] for the investigation of plastered mosaics [27] , while one year later, Moropoulou et al. used the thermographic method along with other ones in order to investigate a part of the gallery mosaic areas of Hagia Sophia (Greece) [28] . For this type of artwork, the use of numerical parametric studies compared with thermographic data recorded during the cooling-down phase was introduced by Theodorakeas et al. in 2014 [29] , while in 2015, the same research group showed the capabilities of both passive and active thermographic approaches both for in situ and laboratory measurements [30] . More recently, Mazioud et al. applied the square pulse thermography approach combined with PPT, PCT and polynomial analyses in order to detect the shape of non-emergent tesserae buried beneath a plaster layer [31] ; numerical analysis by using the Fluent TM computer program integrated the study. Instead, in the current year, Sfarra and Regi explored the potentiality of the wavelet transform thermography (WTT) technique applied under sun-pulse conditions (i.e. by registering the infrared data during the heating-up-day-and cooling-down-nightphases) [32] , demonstrating the interest in this application on tilted surfaces.
The first application of the empirical mode decomposition (EMD) technique for thermographic data is dated back to 2006 [33] . The authors demonstrated how noise and uneven heating can be reduced at the same time, while the contrast of the thermal image is improved. Instead, for defect detection in non-stationary thermal wave imaging, Subhani et al. recently introduced a novel EMD-based anomaly detection in quadratic frequency-modulated thermal wave imaging [34] .
On this basis, in the present work the advantages in the use of the multi-dimensional ensemble empirical mode decomposition (MEEMD) [35] technique for the inspection of a mosaic sample containing different defects inserted at various depths and reproduced taking into account the rules of the Roman Era were explored. Although its physical concepts are clarified in ''Infrared thermography method'' section, it is important to underline how the proposed technique is applied herein for the first time into the cultural heritage field, as well as the results obtained appear more clear to be interpreted, with respect to those obtained after the implementation of the mathematical morphology (MM) [36] , penalized least squares [37] , PCT [23] , PPT [24] and higher-order statistics thermography (HOST) [38] techniques, under a square pulse stimulus condition [39] .
Description of the mosaic sample
The mosaic stratigraphy follows from the bottom to up the realization of five layers, named: (1) statumen, (2) rudus, (3) nucleus, (4) bedding layer and (5) tessellatum. For an exhaustive explanation on the nature of the single layers, the readers can consult [40] . In the present context, however, it is important to underline how the tessellatum layer (Fig. 1a) was built. Among the three techniques currently available, i.e. direct method, indirect method and direct method on temporary stucco, the first one was selected by the authors. It is used when the mosaic is realized in situ. It consists in the realization of an appropriate bedding layer by using cement and binder, on which the tesserae will be inserted by following a handmade procedure. Different angles will be produced on the surface that reflects the light giving a 3D effect to the observer. The positions, thicknesses and dimensions of the deepest defects (e, c and b) are clarified in Fig. 1b , while in Fig. 1c , the positions, thicknesses and dimensions of three large aggregates (a, , and d) that were useful to build both the rudus and the nucleus layers are schematized. Obviously, the latter are not defects, but three preparatory spots that anticipate the final construction.
Finally, the positions, thicknesses and dimensions of the shallowest defects (A, B 1 , B 2 , C, D, E 1 , E 2 , F, G and H) are illustrated in Fig. 1d . The nature of each defect is listed in Fig. 1e , while the nature of the three materials composing the tessellatum layer is summarized in Fig. 1a .
Seven sensors monitored the temperature evolution of the mosaic, since the active thermographic measurement must remain in the non-destructive field, i.e. it cannot provoke any damage at the superficial layer. Therefore, the concern of any restorer is substantially reduced. At the same time, the optimum heat flux can be evaluated. Their strategic positions (from 0 to 6) are pointed out in Fig. 1f . In particular, the temperature's control was performed by using the AD590 temperature transducers made by analogue devices [41] . The output of the system is a current proportional to the value of the absolute temperature:
with T in K and k = lA K -1 . The AD590 sensor is inexpensive, quite accurate (*0.5°C) and can be used in any circumstance for the temperature's acquisition between -55 and ?150°C.
The AD590 sensor is constituted by a bipolar integrated circuit which uses the transistor properties (semiconductor junctions); it has the voltage or the current-highly and linearly-dependent on the temperature. In practice, the acquisition of the temperatures was realized through seven sensors, thanks to the use of a LabPC? card. The latter was subsequently linked to the LabView Ò software (SW). In this software, an operator wrote a script that draws the block diagram, while LabView Ò compiles the block diagram by generating the code. In the present case, both a block diagram and a control panel interface software (realized for the acquisition of 8 values of temperature) were designed (Fig. 2b) , although only seven channels were used. In particular, two channels were externally arranged (the first one on the front side and the second one on the rear side) as shown in Fig. 1f . Each one was connected to a sensor. The interface was built taking into account the time of the measurement, as well as the time interval between the recording of a data set and the next one, by ensuring a higher flexibility of the system. Each sensor required an individual calibration. With this aim, it was necessary to assemble the software interface in order to allow the adjustment of each individual channel; in each channel, both a multiplicative block (useful to calibrate the gain of the sensor) and an additive block (useful to act on the error of calibration) were added.
Regarding the hardware interface, it was necessary to implement a system of conversion because the AD590 sensor provided a signal current, while the LabPC? card accepted, as input, a signal voltage. Therefore, each channel was isolated from the others ones by inserting buffers into the circuit. The buffers were realized through operational amplifiers per each channel, by using the voltage follower configuration (Fig. 2c) . This configuration allows the decoupling of the measurement of the signal; the V in signal generator was not loaded, while the power supplied from V out was taken by the amplifier. Because the output voltage reproduces the input voltage (i.e. the gain is equal to 1), the circuit was named voltage follower. In particular, the TL054CN system which works with the JFET technology was used; it is characterized by a high input impedance (Fig. 2e) . The hardware interface (Fig. 2a) was then carried out on a printed circuit thanks to the ORCAD Ò software.
Description of the heating-up phase and the experimental set-up
The idea described in the last part of ''Description of the mosaic sample'' section is also interesting both to understand the heat transfer phenomenon inside the mosaic sample and to obtain a detectable thermal contrast between the defective and defect-free areas, via four lamps. Figure 3a describes the temperature evolution of the flying spot positioned above sensor 5 (Fig. 1f) . It is possible to notice how its trend is very similar to those displayed in Fig. 3b regarding the frontal sensor.
In the same graph (Fig. 3b) , the evolution of the temperatures versus the time of the heating-up and coolingdown phases is simultaneously depicted. The upper and lower curves, drawn by green and red colours, respectively, represent the temperature variation recorded by the sensors positioned on the front (no. 5) and on the rear (no. 6) sides of the mosaic sample. Regarding the inner sensors, it is possible to observe how a delay of the thermal response for each peak (i.e. passing from the heating-up to the coolingdown phase) exists, and it is preserved for the entire evolution of the temperature recorded. This is normal because the sensors are positioned at different depths (Fig. 1f) , the thermal conductivity values of the tesserae [32] in relation to the material are different, and the inspected sample has a multi-layered structure [42] . Overlapping of some curves at the early state of the trend of temperatures is due to the diffusion process of the heat inside the sample, as well as caused by the spatial position of some sensors (nos. 0, 1 and 2) inserted in voids (e, c and b, respectively) which act as thermal barriers, among many others. Readers can refer to the magnification of a part of the heating-up phase in order to understand the correct combination between sensors ( Fig. 1f) and trend of temperatures.
Because the temperature rising inherent to the sensor positioned on the rear side is slightly significant, it was demonstrated that the thermal transfer by conduction reached the rear side of the statumen layer (Fig. 1a) without provoking any damage on the tessellatum layer.
The uniform heating was provided by performing a simple calculus centred on the best arrangement of the lamps, with the aim to illuminate the tessellatum layer. The most important datum to be known is the beam width of each lamp. It is 50°, as shown in the datasheet provided by OSRAM Ò [43] . Since the intensity of the heat produced by the lamps is maximum in correspondence with the focal axis and it decreases the movement away, the decrease may be compensated by the overlapping of the beams of the four lamps used. The proper arrangement of the lamps was the final purpose to be reached. The joint beam was focused to obtain a gradual superimposition of the beams, such as to ensure in each point of the tessellatum layer a constant heat intensity. The selected arrangement of the lamps is shown in Fig. 3 .
Seeing Fig. 4a , it is evident that one of the constraints to be imposed is that the focal axis of each lamp must be pointed-with respect to the lateral edge of the mosaic sample-at a distance equal to a quarter of the total width. In order to obtain a symmetrical structure, the application of this reasoning both vertically and horizontally and then the placing of the lamps at 45°angle with respect to the tessellatum layer in both directions was fundamental. From the analytical point of view, the latter condition can be set by using Eq. 2:
The multi-dimensional ensemble empirical mode decomposition (MEEMD) It is evident that if the thermal load system moves away from the sample, a part of the light beam-that increases step by step-is scattered. Conversely, if the lamps are placed too close together, a part of the tessellatum layer is not heated. In order to avoid this unwanted condition, Eq. 3 was imposed:
Taking into account the above mentioned conditions and knowing that the maximum distance between two adjacent lamps-by maximizing the size of the frame that supports them-is D TOT = 118 cm (Fig. 4b) , it is possible to calculate the a and b lengths (Eq. 4-9) inherent to the distance of the lamp both from the front surface and from the edge of the sample, respectively. 
Therefore,
According to Eq. 2,
In this way, it also confirms Eq. 
Therefore, the thermal load system was positioned respecting the technical parameters mentioned above. In particular, the mosaic was stimulated in reflection mode by using four lamps (Siccatherm IR, 250 W each one, produced by OSRAM Ò ). The sample was suspended in order to avoid, on the rear side, possible barriers acting as thermal reflectors (Fig. 5) .
In practice, the active thermography modality was used, and a long square pulse (LSP) was administered on the tessellatum layer.
The heating-up and cooling-down phases of the mosaic with changes in temperature represent non-steady-state processes of thermal transfer. The rate of heating or cooling depends on the dimension and geometry of the object, specifically the relationship between surface area and volume, known as the ''form factor''. It has been experimentally and theoretically demonstrated that the greater this value is, the faster the propagation of heat in these processes becomes [44] .
Additionally, the study of different objects with diverse geometrical forms has revealed that the temperature of an object, during heating or cooling, increases or decreases exponentially. In both cases, three stages can be identified: an irregular thermal regime where the temperature at each point and the speed at which it varies over time depends fundamentally on the initial temperature distribution. After a certain period of time, a second stage begins: the regular thermal regime. During this period, the influence of the initial condition declines, and the process is determined principally by the heat transfer coefficient of the surface, the dimensions and shape of the body, as well as its physical properties. During this phase, there is a regular thermal regime and the laws of the variation in the temperature field over time take the following universal and simple form:
where # is the excess temperature, t is time, C is a constant, and m is the rate of heating or cooling, that is:
It is during this period that the variation in the excess temperature has the exponential character mentioned above. There is a linear variation in the logarithm of the excess temperature; the value m is constant and it does not depend on the position or time. This is called the rate of heating or cooling and determines the speed at which the mosaic sample heats up or cools down. This regularization of the temperature field is general and common to all types of bodies whether they are homogeneous or heterogeneous. In the third and final stage, the temperature of the entire body coincides with that of the environment in which it is located, reaching thermal equilibrium and passing from a non-steady-state to a steady-state condition [45] . In this way, the graphs in Fig. 3a , b are explained from a physicaltechnical point of view.
Taking into account these considerations, the mosaic sample was heated up for 420 s and then cooled down for 900 s. The whole process was recorded at 1 Hz as frame rate for later processing. Thermograms were captured by using a 320 9 240 pixels FPA infrared camera (ThermaCAM S65 HS) by FLIR having a spectral response in the LWIR spectrum, i.e. from 7.5 to 13.0 lm.
Infrared thermography method
The method can be divided into the passive approach [46] , the active approach [47] and a combination of them [48] , in which the time component is at the base of a long survey. In the latter, both the heating-up and the cooling-down phases supplied by the solar path in the sky are recorded by using a fixed thermal camera and data analysed via advanced thermographic techniques. From now on, the article is organized into two main parts. The first one is devoted to the reader with relevant theoretical background about the techniques used, while the second one summarizes the main findings.
MEEMD for thermogram processing
Multi-dimensional ensemble empirical mode decomposition (MEEMD) [35] is an adaptive signal processing method, which has been adopted for defect detection in polymer composites [49] . Here, the utility of this method is extended to improve the non-destructive testing (NDT) results of mosaics based on thermography technology.
MEEMD is a multi-dimensional extension of empirical mode decomposition (EMD) [50] that decomposes a onedimensional data series into a finite number of intrinsic mode functions (IMFs) corresponding to different frequencies along with a trend (residue). Since the decomposition is conducted in time domain, the length of each IMF achieved by EMD is the same as the original signal. Compared to other analysis methods such as Fourier transform and wavelet transforms, EMD is praised for its adaptability and capability for handling nonlinear and non-stationary signals.
In EMD, the IMFs and the trend of a one-dimensional signal x are usually calculated through a sifting process. In the first step of this process, the upper and lower envelopes of x, denoted as u and l, are obtained by connecting the extremes with a spline fit. Then, calculate the difference between x and the average of two envelopes h 1 = x -(u ? l)/2, and check whether h 1 obeys two requirements: (1) the upper and lower envelopes of an IMF should be symmetric about zero; and (2) the numbers of zero-crossings and extremes in an IMF should be equal or differ at most by one. If h 1 fails to fulfil either of the requirements, take h 1 as the original signal and repeat the above steps. Denote the difference signal obtained after k number of iterations as h k . If h k meets the requirements of an IMF, then the first IMF is acquired, i.e. IMF 1 = h k . By subtracting the obtained IMF(s) from x and repeating all the above steps, the following IMFs can be calculated iteratively. Finally, the signal x is decomposed into n IMF components and a trend term (i.e. the final residue) r in a descending order of frequency:
The conventional EMD algorithm may lead to mode mixing when analysing intermittent signals. In such situations, a noise-assisted version of EMD, named ensemble empirical mode decomposition (EEMD) [51] , should be used, which achieves the final decomposition results from multiple trials. In each trial, EMD is conducted on a data series comprised of the original signal plus a white noise series. Then, the ''true'' IMFs are calculated as the average of the corresponding IMFs obtained from different trials.
For dealing with two-dimensional signals, such as a thermogram, MEEMD can be adopted. Without loss of generality, suppose that the pixel size of a thermogram is m 9 m. In the analysis, the EEMD algorithm is implemented to transform each row of the thermogram into n ? 1 components including n IMFs and a residue trend. Accordingly, the original thermogram is decomposed into n ? 1 images denoted as I i , where i = 1, …, n ? 1. After that, EEMD is conducted again on the columns of each I i , to extract the information contained in the other dimension. The resulting components are then reconstructed into (n ? 1) 2 sub-images, where the jth IMFs extracted from different columns of I i are reorganized into a sub-image SI i , j (i = 1, …, n ? 1; j = 1, …, n ? 1). In the literature [35] , it is suggested to set the value of n as n = log 2 (m). For better feature visualization, it is necessary to recombine the sub-images into n ? 1 component images CI i , where:
and i = 1, …, n ? 1. In this way, the component images are arranged in a descending order of frequency and hence capture different features contained in the original thermogram. The above procedure can be modified easily to analyse the thermograms with rectangular shapes. Concerning a thermogram of a mosaic sample, the highfrequency component images usually contain noise and reflect the differences between the physical properties of tesserae, while the low-frequency components mainly extract the non-uniform backgrounds which are difficult to avoid completely. Therefore, if there is any subsurface defect in the mosaic sample, the related information can be highlighted by the mid-frequency component images.
Mathematical morphology
Recently, the mathematical morphology (MM) technique [36] has been introduced to the field of thermographic data analysis, which further improves the processing results of TSR. While TSR leads to noise reduction by fitting the response curves of the logarithmic thermographic data with polynomial models, it does not eliminate the effects of nonuniform backgrounds contained in each thermogram. In many situations, the subsurface defects are not easy to be identified directly from the TSR results. For estimating the background signals, MM is a useful tool, which sequentially applies the opening operator to each row/column of the TSR-processed thermogram. Then, background removal can be achieved by doing a subtraction.
Penalized least squares
The utilization of penalized least squares [37] for thermographic data analysis aims to better exploit the spatial information contained in each thermogram. Similar to MM, penalized least squares can also be applied to the TSRreconstructed data. The implementation of this method includes two steps. Firstly, penalized least squares smoothers are utilized for further noise reduction. Secondly, the backgrounds are estimated automatically through an adaptive iteratively reweighted procedure.
Principal component thermography (PCT), pulsed phase thermography (PPT) and higher-order statistics thermography (HOST)
Principal component thermography (PCT) [23] reorganizes data into new components that take into account the main spatiotemporal variances of the sequence, while pulsed phase thermography (PPT) [24] provides phase delay (and amplitude) data also from a square pulse configuration (Fig. 3a) . Finally, higher-order statistics thermography (HOST) [38] calculates the higher-order centralized moments (third or skewness, fourth or kurtosis, or nth order moment) of the temporal temperature profiles summarizing all the relevant information concerning the original sequence into a single image.
Results and discussion Figure 6 shows a raw thermogram without any data processing, which was recorded during the cooling-down phase. It is the 500th image in the collected database. From this image, several defective regions are roughly indicated by the colour contrasts between them and the surrounding area. However, because of the existence of non-uniform backgrounds and the intrinsic colour contrasts between different tesserae, the defects are not clearly identified. Therefore, image processing is a necessary step. For conducting MEEMD, a 240 9 230 rectangular area was cut from the thermogram (as boxed in the figure), so as to avoid the influence of the high-temperature edges in the image. The number of IMFs was automatically determined by the algorithm as 7. The magnitude of the aided noise for ensemble was selected as 0.2. The number of ensemble members was 10. After decomposition, eight component images were generated as plotted in Fig. 7 , including seven IMF images and one trend (residue) image. It is obvious that the tesserae effects are captured by the high-frequency components, i.e. IMF images 1-3, especially IMF 2, while the low-frequency components including IMF images 5-7 Figure 8 is a zoom-in of the component image IMF 4, with the defects marked. A large number of defects can be easily recognized. Similar patterns can be observed from the decomposition results of other thermograms recorded during the cooling-down phase. Figures 9-12 show some illustrative examples, where the original thermograms were collected at the different time points evenly distributed in the cooling-down phase. These results show that the good performance of the MEEMD method is not occasional. Instead, MEEMD highlights the defect information contained in each of the thermograms.
The processing results of MM and penalized least squares are shown in Figs. 13 and 14 . Both methods decompose the original thermogram into two levels: background (Figs. 13a, 14a ) and foreground (Figs. 13b, 14b) . It is observed that the results of these two methods are similar, where the foreground images mainly reflect the tesserae effects and the information of defects is extracted by the background images. However, in comparison with IMF 4 shown in Figs. 8, 13a and 14a , identify the size and the shape of each defect less accurately. Readers should note that, in this experiment, the effect of non-uniform heating is minimized through a proper arrangement of four lamps. Otherwise, the results of MM and penalized least squares may become worse.
Regarding the PPT results, from Fig. 15 it is possible to see how the detection of the defects decreases starting from the lowest frequency (Fig. 15a) up to the highest frequency (Fig. 15e) . Contextually, the visual impact of some tesserae which appear as light spots in Fig. 15a decreases passing through the middle frequencies (Fig. 15b-d) . The latter effect is not present in Fig. 8 , since it is summarized in each IMF 2 (Figs. 7, 9-12 ). But why those tesserae, which are made of low emissivity materials (Fig. 1a) , show this behaviour?
A possible explanation is linked to the declivity of the tesserae, both with respect to a flat surface and to the direction of the radiant heat. The idea based on detached tesserae cannot be taken into account, because the thermal reaction of the upper left-hand corner of the mosaic after the PPT processing (Fig. 15a ) must be considered and compared with the remaining three corners. In this corner, indeed, a detachment (defect G) of the lime mortar-subsequently re-glued-was simulated. The coin-tap test used for comparison purposes confirmed this supposition [52] . In addition, it is easily understandable that, with respect to a scenario having a flat tessera, the case of a tilted tessera (Fig. 16-left side) provides a different temperature measurement in case the other main technical parameters are confirmed.
Tesserae with a declivity equal to or more than 30°with respect to the plane were inserted in the mosaic (Fig. 16 right side) in order to reproduce a real inspection scenario. They simulate the damage caused by structural loads and weather affecting the cobbled surfaces. Indeed, water is particularly destructive to these types of surfaces. In tessellated surfaces, when water/air is trapped beneath the surface, non-static external loads such as walking people can cause the ''pumping effect'' (essentially, the movement of water/air by compression and expansion), tilting the tesserae as final result (in the figure, some tilted tesserae are indicated by dotted arrows) [32] .
Regarding the inspection, the temperature decay after a heating-up phase is interesting since the thermal waves launched into the sample reveal defects at times depending on the defect depth [18] . Recent studies showed that the depth inversion can be easily performed by extracting blind frequencies [53] , while other studies explain how, in case of declivity smaller than 30°, the blind frequency obtained during the PPT processing is not affected at all [54] . In the latter study, the authors refer themselves to lightweight and small samples constituted by various materials and having the shape of a cylinder with a known curvature radius. Therefore, the possibility to tilt the sample under inspection with respect to the heating/orientation axis in order to get more orientations to be analysed was guaranteed. Instead, in the present case, this possibility cannot be satisfied since the tesserae that form the sample act independently, although they form a unique piece. Technically speaking, the mosaic sample was realized by hand and not by using advanced machining technologies.
During the analysis of a tilted tessera, and assuming a uniform surface heating Q delivered on the tessellatum layer thanks to the accuracy in the disposition of the lamps, the superficial orientation should be considered in order to get reasonable conclusions. Firstly, assuming orthographic heating, only cos h of the energy contributes to the heating, thanks to its projection along the heating direction. Secondly, for a ''Lambertian'' surface, only cos h of the subsequent superficial heating will be emitted in the direction of the IR camera, by considering its projection along the observation direction. Hence, the observed tilted surface temperature T 0 is reduced by a factor:
Taking into account that the Fourier Transform (FT) is a linear operator, and cos 2 h is considered a constant (i.e. it is not time dependent), therefore, a rearrangement of the well-known equation is required:
In Eqs. 16 and 17, the ''&'' symbol was not used, bearing in mind the idea proposed in Fig. 4 .
Clearly, in PPT technique, the amplitude A images will be affected by surface orientation h, while phase / images should not be much affected since the cos 2 h parameter disappears during the division process of Eq. 17. In particular, Table 1 shows the cos 2 h value for several h orientations. It is possible to see that, for orientations \*30°, the superficial orientation should not affect excessively the data, assuming a common level of uncertainty.
The declivity [30°of the tessera marked by a yellow arrow both in Figs. 1a and 15a was confirmed by using a TR1900 roughness tester-profilometer (resolution: Heating/orientation axis
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θ Fig. 16 On the left side, flat and tilted tessera at h angle are shown, while on the right side, the magnifications of some tesserae of the mosaic sample under inspection captured using the raking light technique are reported [52] 0.001 lm, measurable roughness range: 0.01-10 lm and max bore depth = 15 mm) manufactured by Qualitest TM . The tessera summarizes the main assumptions previously reported, since it appears for *2/3 as a dark spot and for the remaining *1/3 as a bright spot. The result obtained, which is referred to the longer side (2.5 cm) of the tessera, is shown in Fig. 17 .
In particular, by comparing the PPT result ( Fig. 15a ) with the roughness result (Fig. 17) , it is possible to note that the bright spot is referred to the latest *0.8 cm of the tessera, i.e. it is linked to the right part of the graph. The tessera was probably damaged on the left part (only at superficial level) during the manufacturing of the defect H that is positioned very close to it.
Furthermore, it is also very interesting to notice the PCT results (Fig. 18a-e) , since they provide the thermal signatures [55] of the defects distributed in different empirical orthogonal functions (EOF s ). In particular, Fig. 18d resembles Fig. 15a , although the shape of the tesserae is everywhere preserved after the PCT processing. Finally, the same tesserae-including the tessera analysed by the roughness tester (Fig. 17) -that appear as light spots after the PPT processing, are also confirmed in this case. One of the greatest advantages of using the principal component analysis (PCA) is the orthogonalization of the space dimension, which generally leads to a concentration of information in a much smaller number of parameters than the initial count [56] . This allows visualization of individual observation locations (pixels) into a space built by orthogonal parameters. Figure 18 shows the first five images of the PCA sequence, while the remaining part exhibit the character of noisy images and were discarded. It can be noticed that the PCA sequence summarizes all the main information-in the present case the sub-superficial flaws-i.e. A = wood, B 1 = sponge insert, B 2 and E 2 = polystyrene, C = PVC, D and H = pine cone, E 1 = ceramic material, F = vertex, G = glued mortar, e, c The multi-dimensional ensemble empirical mode decomposition (MEEMD) 1855
and b = voids (Fig. 1e) , in only few EOF s . For the case under analysis, PCT tends to divide per each image the detection of the shallowest defects (Fig. 18a, d ) with respect to the deeper defects (Fig. 18b, c, e) . However, some defects such as e appear more persistent than others. This effect is probably due to the defect depth, its dimension, its nature, and the thermal properties of the surrounding area. The heat is therefore entrapped for more time into the defect e, and the result is a long recording of the thermal signature in the raw thermograms, which produces-at the end of the image processing-its detection also in the EOF 1 (Fig. 18a) . The HOST analysis also appears quite adequate in order to discover some sub-superficial defects. Although the first order (Fig. 19a ) and the second order (Fig. 19b) slightly reveal the presence of the shallowest features (e.g. see how defect G corresponding to the upper left-hand corner is detectable with respect to the other three), the third (Fig. 19c) , the fourth order (Fig. 19d ) and the fifth order (Fig. 19e) seem much more suitable in order to investigate the deepest defects (i.e. b, c and e). Interestingly, the broken tessera pointed out by a yellow arrow is detectable only at lower orders (Fig. 19a, b) .
Conclusions
In the present research work, the use of the multi-dimensional ensemble empirical mode decomposition (MEEMD) technique applied in the cultural heritage field is presented for the first time to the best of the authors' knowledge. Its use seems to be effective since the presence of defects positioned at different depths can be summarized into a unique image with a good contrast.
This pro is not linked to the use of the pulsed phase thermography (PPT) technique in which the detection of a defect is strictly linked to the probed frequency [57] [58] [59] . In the meantime, it is neither related to the principal component thermography (PCT) technique in which the detection of a defect is strictly linked to the empirical orthogonal functions (EOF s ) used. Theoretically, the HOST technique may have a similar advantage. Nevertheless, the defect thermal signatures were retrieved with a low contrast in the lower orders (1st and 2nd); in addition, their shapes are partially covered by non-planar tesserae which appear as light spots when a grey palette is used. Not well-defined thermal imprints were also retrieved by using MM and penalized least squares techniques. This unwanted effect is not a concern of the MEEMD technique, since the thermal response of the non-planar tesserae is summarized into IMF 2. Indeed, thanks to the use of a proper arrangement of four lamps, which tends to provide a homogeneous thermal stimulus, as well as through the integration of sensors able to recover the temperature trend (both during the heatingup and cooling-down phases) at different depths, the effect of non-uniform heating is minimized but not completely removed.
Finally, the thermal response between a flat surface and a tilted surface present in the same tessera was studied via roughness tester. The result confirmed the physical assumption of the authors which is inherent to the dualism among heating/orientation axis.
The research presented in this paper highlights the necessity and benefit of applying a suitable thermographic data processing method for a very complex object to be inspected in the cultural heritage field. In order to keep the paper focused, the issue of selecting the optimal thermograms for defect detection is not discussed herein. In future research, this issue deserves more attention, because it is critical to more efficient and accurate non-destructive testing based on the long-wave infrared spectrum [60, 61] .
